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Abstract. Inversion theorems of Wiener type are essential tools in analysis and number 
theory. We derive a weighted version of an inversion theorem of Wiener type for general 
Dirichlet series from that of Edwards from 1957, and we outline an alternative proof based 
on the duality theory of convex cones and extension techniques for characters of semigroups. 
Variants and arithmetical applications are described, including the case of multidimensional 
weighted generalized Dirichlet series. 



1. Introduction 

By A := .A(A) := {a: A — > C with ||a|| < oo} we denote the class of complex-valued functions 
defined on an additive semigroup A C [0, oo) with £ A and satisfying 

||a|| := l a (^)l < °°- 
AeA 

Then, under the usual linear operations and the convolution defined by 
(1) c(A):=(o*6)(A):= £ a(X')b(X") (AeA), 

A',A"eA 
A'+A"=A 

A forms a commutative unitary Banach algebra. In fact, the convolution is well defined by ([T]) 
because of ||c|| < \\a\\ • ||6|| < oo for a,b e A with the above norm ||.||, and the function e 
given by s(X) = <5o,a with Kronecker's symbol 5 : A 2 — >• {0, 1} serves as unity (cf. |16|). 

Let H := {s G C : Res > 0} denote the open right half plane. Then the Banach algebra 
A is isomorphic to the Banach algebra A = A(A) of absolutely convergent general Dirichlet 
series 

a(s) = a(A) e~ Xs (s £ H) 
AeA 

associated with a e A, under the usual linear operations, pointwise multiplication and norm 
||o|| := ||a||. This allows to switch between complex sequences and Dirichlet series. 

For instance, inversion in A is equivalent to that in A, and the inversion theorem of Ed- 
wards [5J may be formulated as 



Theorem of Edwards (1957). The multiplicative group of A is A* = {a e A : ^ a(H)}. 
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Remark 1. Special cases of Edwards' theorem trace back to Wiener |35j for Fourier and 
power series and to Hewitt and Williamson [15] for ordinary Dirichlet series. Elementary 
proofs of the latter were given by Spilker and Schwarz [32], Goodman and Newman [10J. 

We aim for investigating the convergence quality of a on H and refine the above norm 
with the help of weight functions on A, i.e. functions w: A — > (0, oo) satisfying w(0) = 1 
and w(X' + A") < w(X') w(X") for all A', A" G A. We let W = W(A) be the set of all weight 
functions won A which are admissible in the sense that 

a) w(X) > 1 for all A £ A, and 

b) lim^oo tyw(k\) = 1 for all A G A0 

Note that W is closed under pointwise multiplication. If w G W, then the functions a G A 
with the weighted norm 

AeA 

form a commutative unitary Banach algebra A w = A W (A) C A = A\ (see Section [3] for a 
more detailed discussion of weighted semigroup algebras, even for arbitrary weights). 

Since weight functions are submultiplicative, also \\.\\ w is submultiplicative. The conditions 
[aj) and |b]) ensure that the spectrum of A w can be identified with the set of all bounded 
characters of A (see Section U]) . They also restrict the growth of admissible weight functions w 
such that in relevant cases, e.g. for non-decreasing weight functions, we obtain 

(2) w{X) < e* A for every > 

(see Remark [3] below) H Whenever ([2]) holds, the abscissa of absolute convergence of a equals 
that of {aw)~ for any a: A — > C. Moreover, for non-decreasing w G W, the remainder term 
estimate 

£ |o(A)| e~ Xs = o (-L) (t € A, t -} oo) 

AeA KW ^ J 

A>£ 

holds uniformly for s G Hljf] For instance, w(X) = (A + l) c defines an admissible ascending 
weight function for any c > 0. Note that for a G A = A\ the derivative 

a'( s ) =-J2 Xa{X)e- Xs 
AeA 

of a converges absolutely only for s G H, in general. But for w(X) = (1 + X) k , k G N, the 
Dirichlet series a of a G A w and its derivatives up to order k converge absolutely for s£i, 
and the quality of convergence is described by 

X KA)| e- Xs =o((£+ l) j - k ^j (£eA,£^oo), 

AeA 

uniformly for s£l and j = 0, . . . , k. 

^The sum A + ■ ■ ■ + A with k 6 N summands A £ A is written as kX. 

2 For / : A — 5- C and g: A — ¥ R+ we write / <C g if sup AeA < oo {Vinogradov <C symbol). 

'^For /: A — > C and g: A — !> R+ we write /(A) = o(g(A)) for A — > oo if limA^oo = (Landau o symbol). 

4 The series is dominated by ^4jy ^2 x>e |a(A)| w(A). 



WEIGHTED INVERSION OF GENERAL DIRICHLET SERIES 



3 



Remark 2. Condition [b]) is equivalent to inf { yw{kX) : k G N} = 1. 

Obviously [b]) yields the infimum condition. Conversely, the infimum condition implies that 
for every e > there exists ko such that k ^/w(koX) < 1 + e. Since every k > ko can be written 
as k = rikko + r k with < r k < ko, we have 

tyw(k\) < ^/w(r k X)^/w(k X) n K 

Here the first term on the right tends to 1 as k — > oo (as there are only finitely many choices 
for rfc), and the second term can be estimated via 

tyw{k X) n * < {J {I + e) k ^ = (1 + e )kon k /k < 1 + e 

Remark 3. If w G W(A) is slowly decreasing^ then w(X) <C for every > 0. 

To see this, fix some Ai € A \ {0}. Then, for $ > and A G A sufficiently large, there exists 
k G N such that (A: - l)Ai < A < k\i and 

w(\) = w(k\i) - (w(k\i) - w(X)) < w(kXi) + 1 < e* Al * + 1 < e*\ 
Remark 4. In general, conditions nj) and[b]) do not imply that w(X) <C e® x for any -i? > 00 

Prototypes of general Dirichlet series are power series for A = No, and ordinary Dirichlet 
series for A = logN. Both of these additive semigroups admit free generating sets^ namely 
{1} and logP, respectively, where P = {2, 3, 5, . . .} denotes the set of primes. 

The purpose of this note is to outline two different proofs of the following 

Theorem 1. Let A C [0, oo) be an additive semigroup with G A. Then, for w G W, the 
Banach algebra A w = A w (A) has the multiplicative group 

A* w = A* W (A) = {a G A w : £ 5(1)}. 

Theorem U is a weighted inversion theorem of Wiener type for general Dirichlet series. 
The necessity of the inversion condition is immediate, for if l/a(s) can be represented by 
an absolutely convergent Dirichlet series then it is bounded on EI and hence o(s) must be 
bounded away from zero on H. Note that the inversion condition does not depend on the 
weight function w G W. 

In Section 2] we derive the proof of Theorem [1] from the Theorem of Edwards and provide an 
alternative proof based on an approximation of multiplicative linear functionals on A w (taking 
w = 1, this also gives a new proof for the Theorem of Edwards). The required Density Lemma 
is established step by step in Sections [5] to [71 For discrete additive semigroups A C [0, oo), the 
above Theorem [1] and the strategy of its proof are described in a preliminary (incomplete) 
paper of Lucht and Reifenrath [24J. The Levy generalization and a multidimensional Levy 
version of Theorem [TJ Theorems [3] and [5l are established in Sections [HJ which also deals with 
an arithmetical application (Proposition [2]). 

function /: A — ¥ [0, oo) is called slowly decreasing if liminf (/(A) — /(A')) > whenever 1 < A/A' — > 1 
and A — ¥ oo. 

''This was erroneously stated in [22] . 
A subset 7^ B C A is called a free generating set of an additive semigroup A C [0, oo), if every A £ A has 
a unique representation of the form A = X^/3gb ^pP with v@ £ No and up for only finitely many f3 6 B. 
Then B is Q-linearly independent in R. 
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For further recent studies of weighted convolution algebras of subsemigroups of M (with a 
different thrust), the reader is referred to [3]. In the case of groups (rather than semigroups), 
the admissibility condition b) is related to symmetry properties of weighted group algebras, 
and has been attributed to Gelfand, Naimark, Raikov and Shilov in some recent works (see 
[6j p. 796], Definition 1.2(a)], P21 Definition 3.1(a)]). 

2. Tools from Gelfand 's theory 

With any commutative Banach algebra A Gelfand's theory associates the space A (A) of 
homomorphisms of A to the complex field, i.e. the nontrivial multiplicative linear function- 
als h: A — )■ C. The supremum norm on A(^4) is related to the norm on A. This helps to 
characterize the invertible elements of A (cf., for instance, |28[ Theorems 18.3 and 18.17]): 

Theorem 2. In a commutative Banach algebra with unity u the following assertions hold. 

a) // a G A satisfies \\a — u\\ < 1, then a is invertible in A. 

b) If a£ A and h G A(A), then \h(a)\ < \\a\\. 

c) // a G A is invertible in A, then h{a) ^ for all h G A(A), and vice versa. 

From[b|) we infer that every h G A(^4) is continuous. The spectrum <r(a) of a G A denotes 
the set of all A G C such that a — Xu is not invertible. Then[cj) relates the spectrum cx(a) to 
the space A (^4) of all nontrivial multiplicative linear functionals h: A — > C by 

a(a) = {h{a) : h G A(A)}. 

In particular, a G A is invertible if and only if ^ c(a). This suggests to identify the invertible 
elements of A by determining all nontrivial multiplicative linear functionals h G A (A). 

The following lemma taken from Edwards [5l 11.4.5] (see also Rudin |29[ Exercise 11.5]) 
generalizes Theorem l2lcj) by replacing the inversion map with a holomorphic function. 

Composition Lemma. Let a £ A, and let f be a holomorphic function defined on a region 
GCC such that a(a) C G. Then there exists an element b G A such that h(b) = f(h(a)) for 
every h G A (A). 

3. Weighted semigroup algebras and their spectra 

Let (A, •) be an arbitrary semigroup with unit element e. For the moment, multiplicative 
notation is used, as A need not be commutative. We call a function w : A — > (0, oo) a weight 
function if w(e) = 1 and w is submultiplicative, i.e. w(XX') < w(X)w(X') for all A, A' G A. 
Then a Banach algebra ^^(A) can be defined, which is a weighted analogue of the Banach 
algebra ^i(A) introduced by Hewitt and Zuckerman [IB] (see [3]; cf. [251 P- 70] for the case of 
semigroups with involution). In particular, the construction applies to additive subsemigroups 
of [0,oo) (as discussed in the introduction), or additive subsemigroups of [0,oo) r (as needed 
in connection with multidimensional Dirichlet series). 

Recall that the sum Yliei a i °f a family (aj)j e j of numbers at G [0, oo) U {oo} is defined as 
the supremum of the sums X^gf a * over fhhte index sets F C I. A family (ai)i G / of complex 
numbers is called absolutely summable if X^e/ < °°- Then ai ^ for only countably many 
i E I, and the net of finite partial sums ^igf °« converges. Its limit is denoted by Yliei ai 
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(cf. [H Chapter V, §3], [301 Chapter III, Exercise 23]). Now the weighted semigroup algebras 
are obtained as follows ([3]; cf. |25|): 

Proposition 1. Let (A,-) be a semigroup with a unit element and w be a weight function 
on A. Let A W {K) be the set of all families a = (a(A))AeA of complex numbers such that 
\\a\\ w := J2\eA \ a W\ w W < 00 ■ U a ^ G A W {A), then the following holds: 

a) For each X £ A the numbers a(X')b(X") for (A', A") G A x A with X'X" = X form an 
absolutely summable family. Thus c(A) := ^a'A"=a a (^')b{^") * s defined. 

b) The family a * b := c is in A W (A). 

The multiplication * makes (A W (A), a unital Banach algebra. 

For the remainder of this section we return to the additive notation and let (A, +) be a 
commutative semigroup with neutral element 0. By a character of A we mean a homomor- 
phism V> of (A, +) to (C, •) such that ^(0) = 1. If w is a weight function on A, we let A^ be 
the set of all characters ip of A which are w -bounded in the sense that 

\ip{X)\ < w(X) for all AG A 

(cf. pQ and [25] for the case of semigroups with involution). 

Complex homomorphisms of A w = A W {A) and w-bounded characters of A are closely 
related. To see this, we use again Kronecker's 5 to define an element 5\ : A — > C with \i \— > 6\„ 
in A w , such that ||<5a|U = w(X). If h G A(A W ), then 

V> fc : (A,+)^(c,-), M>)--=Kh) 

is a homomorphism, for 5q = e and 5\ + \i = 5\ * Sy. Since |^(A)| = |/i(<5a)| < ||^a|U = w(X), 
the character ip^ is w-bounded. Conversely, let tp G A w . Then the family (a(X)ip(X))\<=\ is 
absolutely summable for each a G A w , as 

(3) Yl i°( A ) ^( A )i ^ Yl i«( A )i ^( A ) = nu < °°- 

agA AeA 
We can therefore define a function ^ : A w — > C via 

(4) h^{a) := a(X)ip(X) for all a G A^. 

AeA 

Then hf is linear and of operator norm < 1 by Q, hence continuous. In fact, h^ G A(A W ). 
To see this, it remains to show that h^(a * b) = h^{a)h^{b) for all a,b G A^. It suffices to 
assume that a = 5\ and b = 6\> with A, A' G A (as such elements span a dense vector subspace 
of Aw). But then h^(a * b) = ifi(XX') = ip(X)tp(X') = h^{a)h^{b) indeed. We readily deduce: 

Proposition 2. Let (A, +) be a commutative semigroup with neutral element 0, and w be a 
weight function on A. Let A w = A W (A). Then the map 

(5) A (Am) -> A™, Ii4 
is a bisection, with inverse ip ^ h^. 

We say that a weight function w on a commutative semigroup (A, +) is admissible, if it 
satisfies the conditions a) and b) described in the introduction. We write W(A) (or simply 
W) for the set of all admissible weight functions on A. 
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Lemma 1. Let w be an admissible weight function on a commutative semigroup (A, +) with 
neutral element 0. Let ip be a character of A. Then tp is w -bounded if and only if ip is a 
bounded function. 

Proof. If ip is unbounded, then |V>(A)| = vhK^Tl — ywikX) — > 1 as k — > oo, and thus 
|^(A)| < 1 for each A € A. Conversely, assume that tp is bounded, say ^(A)) < C with C > 0. 
Then \ip(X)\ = ty\ip(k\)\ < \fC for each k G N and thus |V>(A)| < 1 < w(X), using that 
VC^l. " □ 

For future use, we write U := {z G C : \z\ < 1}. If ip is a bounded character, then ip only 
takes values in the closed unit disk U. 



4. Two proofs of Theorem [JJ 

According to Theorem [2] and the definition of the spectrum it suffices to show that ^ o~(a) 
for a £ A w or, equivalently, h{a) ^ for all h 6 A(A W ). To enable this, it is useful to have 
a description of functionals h £ A(A W ). Combining Proposition [2] and Lemma [1] we get the 
following lemma (to be found in Lucht and Reifenrath |24| for discrete A C [0,oo)): 

Representation Lemma. Let (A, +) be a commutative semigroup with identity 0, and w be 
an admissible weight function on A. Then to every h G A(A W ) there corresponds a bounded 
character ip of A such that 

(6) h{a) = a(A) V(A) for all a G A w . 

AeA 

Conversely, every bounded character ip: A — >• C determines a unique h G A(A W ) with ([6]). 

First we derive Theorem [1] from the special case w = 1, due to Edwards [5J. 

First proof of Theorem [TJ Since A w is a Banach subalgebra of A\ and the characterization 
(|6|) is independent of w, the Representation Lemma shows that 

A* w = < a G A w : a i^) V'(^) 7^ for all characters tp of A}. 
^ aga 

Thus A* w = A\nA w . By Edwards' theorem [5], 

A* = { a G A t : ^ 5(H)}, 

and the fact that a does not depend on w, the assertion follows. □ 

A different option for proving Theorem [1] without recourse to the Theorem of Edwards 
is based on a topological linkage of the image set a(H) and the spectrum o~(a) of functions 
a G A w , namely an approximation of the functions h G A(>1^) by the functions h s G A^^) 
associated with the specific characters A i— > ip s (^) = e _As for s£l. 

Density Lemma. Let A C [0, oo) be an additive semigroup with G A, and let w G W. Then 
for any a G A w the set a(M) is dense in a{a). 

The Density Lemma yields the announced alternative proof of Theorem [TJ 
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Second proof of Theorem [T]. According to Theorem l2lcj) the invertibility of a in A w follows 
from a (a) C a(M) and <£ 5(H). □ 

It remains to verify the Density Lemma. 



5. Proof of the Density Lemma, part 1 

First we establish a special case of the Density Lemma, assuming, in addition, that the 
semigroup A is free, i.e. A has a free generating set B. 

Let a G A w , •& > 0, and /i € A (Am). Denote by ip the bounded character of A associated 
with h, as in the Representation Lemma. Then ip(A) C U. In order to show that there exists 
an s G EI satisfying 

\h s (a) - h{a)\ < 30, 
it suffices to verify that, for any finite subset T C A, the estimate 



(7) 



< d 



J2a(X)e- Xs -J2a(X)m 
Aer Aer 

holds with suitably chosen s G H. In fact, there exists a finite subset T C A such that 
J2xeA\r w W\ a W\ < so that 



AGA\r 



AeA\r 



o(A)V(A) <2 ^ |o(A)| <20 



AGA\r 



for each s£i, from which the assertion follows. 

Let b = (/3i, . . . , /3fc) consist of generators < (3i, . . . , G B such that every A G T can be 
expressed in the form 

(8) A = »*P* 

K 

with v K G No for 1 < k < k. Then 

P( 3 ) = J>(A) e- As 
Aer 



can be regarded polynomial of 3 
1 < k < fe. Now (ED leads to 



^(A) 



(zi, . . . ,Zk) G IT with variables z K = e 

n w.r 



for 



l<K<fc 



and 



^a(A)V(A)=P(^(/3i),...,^(A))- 
Aer 

Since \ip(j3 K )\ < 1 for all k, the following generalized version of a lemma of Spilker and Schwarz 
|32t Hilfssatz 5.1] (see also Hewitt and Williamson |15|. Lemma 2]) yields the existence of s G H 
with (J7]), which establishes the Density Lemma as well as Theorem [1] in the special case of 
free semigroups A. 
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Lemma 2. For k G PJ let t) : 



t> s 



U &e defined by 
= e ~ bs := (e~P lS , 



with Q-linearly independent numbers (3 K > /or 1 < k < k. If f : U 
holomorphic on U fc , i/ien /(d(H)) is a dense subset o//(U ). 



C is continuous and 



Proof. The assertion is trivial for constant functions /: U 



C. 



Let / be nonconstant. It suffices to show that for any $ > there is some s£l such that 

/j 

|g(d(s))| < where g(i) = f{i) — c for 3 = (z\, . . . ,Zk) G U with an arbitrary c G /(U ). 

Suppose, to the contrary, that there is some $ > such that 
(9) >^ for all 3 G t)(H). 

First we show that for any $ > there is some t £ 1 such that 



(10) 



-P K ((T+it)\ 



< 



(k = 1, . . . , k), 

if \z K \ = e~^ K ° for k = l,...,k. It suffices to verify (fTUj) for a = (i.e., \z^\ = 1): The 
Kronecker approximation theorem (cf. Hardy and Wright |12|. Theorem 444]) applied to the 
Q-linearly independent set {/3\, . . . , /3/%} entails that for any $ > there exist numbers f 6 1 
and mi, . . . , G Z satisfying 



arg z K 



< 



(k = 1,... , k). 



2vr ' 2vr 
For $ > sufficiently small, it follows that 

|e iarg ^ -e <t/J «| < 1?, ( K = l,...,k), 

as asserted. Hence, for any a > 0, d(cr + iM) is a dense subset of the poly-circle 



e ~ ba dV : = {3 G C k : \z K \ = e~^ a for 1 < k < k}, 



and 

(11) 

As = (0, 

where e~ ba U 



1^(3)1 > 1? for all 3 G e- b<T dU. 
, 0) G U is limit point of d(H), we have \g(o)\ >$. Therefore we may define 
0-0 = inf {a > : \g($)\ > \ ■& for all 3 G e^U}, 



• • • x e _/3fc<T U. Then g has no zero in the compact poly-disc e _b<T0 U, 
and 1/g represents a continuous function on e~ b<T °U that is holomorphic on e _t " J °U. By apply- 
ing the maximum principle and the Weierstrafi convergence theorem for holomorphic functions 
to each component of the poly-disc e~ ba °\J, we obtain from (|lip that 



max 



9{l) 



: 3 G e 



-bcrof 



max 



9(3) 



: 3 G e-° ao dV } < - 



1 



Hence (5(3) | > 1? for all 3 G e^^U. 

This gives the desired contradiction, as e~ ba °U contains some point 3 with \g(%)\ < in 

_ 

case of ctq > by the definition of ctq, and in case of do = by c G /(U ). □ 



WEIGHTED INVERSION OF GENERAL DIRICHLET SERIES 



9 



6. Proof of the Density Lemma, part 2 

To complete the proof of the Density Lemma we have to remove the assumption on A to be 
free. As in the preceding section, for •& > and a finite subset T C A, we merely need to find 
s G H with ([7|). Since only the values of tp on T enter ([7]), the next lemma allows A to be 
replaced with a free semigroup [B], to which the special case from Section [5] applies. 

We shall use the following terminology and facts concerning convex cones: A subset C of a 
finite-dimensional real vector space W is called a convex cone if C is convex and [0, oo)-C C C. 
Then C is a semigroup under addition. If C ^ 0, then C — C is a vector subspace of W and 
C has non-empty interior in C — C (cf. \2h\ Proposition V. 1.4(h)]). The dimension of C is 
defined as the dimension of C — C. A convex cone F C C is called a face of C if x + y G -F 
for elements x,y £ C implies x,y £ F. A face of the form [0, oo)x with x 7^ is called an 
extreme ray of C. A convex cone C C W is called polyhedral if it is generated by a finite set 
E C.W (i.e., C is of the form (|12p below) H Then every face F C C is generated by Ffl -E, as 
is well-known (cf. [21 Theorems 7.2 and 7.3] )H In particular, every extreme ray of C is of the 
form [0, oo)x with some x € E. 

Extension Lemma. Let ip: A — > C be a bounded character of an additive semigroup A C 
[0, 00) with G A, and let T C A be a finite subset. Then there exists a Q-linearly independent 
set B = {Pi, . . . , /3k} C (0, 00) such that 

rc [B] : =No/3i + --- + N /3 fe , 

and a bounded character <p: [B] — )• C which coincides with ip onT. 

The proof requires some notional arrangements. 

Let Q+ = {q G Q : q > 0) and = Q+ U {0}. Given a Q-vector space V, we let Mr = 
K^qF be the M-vector spacqlj associated with the Q-vector space V (cf. [191 Chapt. XVI, § 4]). 
If E = {x\, . . . , Xk} is a finite subset of V, we write [E] := N0X1 + • • -+NoXfc for the submonoid 
of (V, +) generated by E, 

conv Q (.E) := {gixi H h :q x ,...,q h e Q+, g x H h g fc = l} 

for its rational convex hull, convR(i^) for its usual real convex hull, and 

(12) cone R (£0 := [0,oo) • conv R (E) 

for the convex cone generated by E. 

The dual space V* of a Q-vector space V consists of all Q-linear functionals from V to Q. 
Given a subset T C V, we define its rational dual cone by 

T* := {pGV* :/ o(T)C[0,oo)}. 

Then, by identifying V with (V*)*, T C (T*)*, If T C fj, then T* D f7*. If v Xl . . . , v k G V is 
a basis and v*, . . . E V* its dual basis, v*(vj) = 5ij, then 

(13) {«!,...,«*}* = Qjw* H h OS""*- 

^See [251 Chapter V.l] for basic facts on polyhedral cones, as first spelled out in |34j . 

^Omitting only a trivial case, consider a non-zero element x S F. Then x — r\X\ + ••• T-rfc^fc with elements 
xi, . . . , Xk £ E and n, . . . , rk > 0. Since F is a face, it follows that nasi, • • • , r^a^ £ _F and hence xi, . . . , Xk £ -F. 
10 with the R-basis {1} ® B where B is a Q-basis of V. 
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We let be the real dual space of Vr and define the real dual cone 

T^:= {pey K *:p(T)C[0,oo)} 

of a subset T C Vr. As usual, we identify with (V*)r. For T finite and p G V^, p is in the 
interior of if and only if > for all t G T, t ^ 0. 

Proof of the Extension Lemma. We may assume that ^ T 7^ and, after shrinking A to [r], 
that A = [r]. Let V = span^r) denote the Q-linear space spanned by T, and define 

r' := {7 G r : ^(7) ^ 0}, r := {7 G T : z/»( 7 ) = 0}, 
and V' := span^^r'). 

Step 1. Write Vi := IV'I and ^2(6 := ^(0M(0 for £ G [T"]. By the theorem in Ross [27] . 
^2 extends to a character if2 ■ (V, +) —> (C, • ) with values in the circle group <9U. If we can 
extend ipx to a bounded character ipi on [B] for suitable B, then <^i^2 extends V 1 - Hence 
^(r) Q [0,oo) without loss of generality. 

Step 2. Since (0, 00) is a divisible, torsion-free abelian group under multiplication, the ho- 
momorphism ip\[r>] '■ JT'] — > (0, 00) extends uniquely to a homomorphism of groups V — > 
(0,oo) (cf. [HI A7])OThen - In 01?: V' -> R is a Q-linear map and thus extends uniquely 
to an R-linear functional p: — >■ R. Note that 

0(f) = e~ p ® for all £ G V 

by construction of />. Since = < 1> we have p(f) > for all ( £ f and thus 

p e (TOi- 

S^ep 3. We claim that 

(14) conv Q (r ) n y' = 0. 

Suppose, to the contrary, that 77 G convQ(To) D V' 7^ 0. Then there exist numbers fc,f,<6N 
with k < £, elements 771, . . . , r)t G To, £1, ■ ■ ■ , & G T' and coefficients gi, . . . , qt, r±, . . . , ri G Q + 
such that 

l<r<t l<X<k k<X<£ 

By multiplying the equation with the common denominator a G N of the rational coefficients 
q T , r\ for r < t, A < we obtain 

a i]+ & a6= ^2 bx ^ x 

k<X<l l<X<k 

with certain coefficients b\ G N and an £ [To]- Then 

V>M • <K£ fc +i) 6fc+1 • • • *) 6 ' = V<(6) fcl • • • , 

which is a contradiction since ip(an) = but 7^ for 1 < A < k. 

* In a first step, extend V'lp'] to a group homomorphism [B'] — [B'] — > (0, 00) via £1 — £ 2 >-> ^(£i)/V>(£2)- 
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Step 4. Let U := V/V and it: V — > U be the quotient map. Prom Step 3 we know that 
^ 7r(convQ (To)) = convQ (7r(To)). Hence the Separation Lemma (see Section [7]) provides a 
Q-linear functional x G U* such that x( a ) > f° r each a G vr(ro). Then, with 9 := x 07T G V*> 
we obtain 

(15) 9(a) > for each a £ T and 0| r / = 0, 
whence 9 £ T* in particular. 

S^ep 5. Let // G VJ be any real functional such that p'\y = p. We choose c > so large that 
C ■= p' + c9 £ rjj. This is possible since 

(16) Cln = p'lr' > 
(as 9 vanishes on T'), and furthermore 

((a) = p'(a) + c9(a) 
for a G To, which can be made arbitrarily large since 9(a) > 0. 

Step 6. We have ^ convjgfT) in Vr, because T is a subset of the convex set (0,oo). Hence 
P := cone]g(r) is a pointed 12 ! polyhedral cone in Vr whose extreme rays are of the form [0, oo)a 
for certain a G T (as recalled above). Since span R (r) = Vr, the cone P has non-empty interior. 
Hence also P^ = C V^ is a pointed polyhedral cone with non-empty interior (see Neeb 
|25} Propositions V.1.5 (ii) and V.1.21]). It is known from the theory of polyhedral cones in 
real vector spaces that the extreme rays of P^ are of the form [0, oo)a for a functional a G V^ 
such that F := kera n P is a codimension 1 face of P (see, e.g. [63\ Theorem 3]). We claim 
that a can be chosen in V* . 

To see this, recall first that F = conenj(r") for some subset V" C T, and F has non-empty 
interior in kera. Hence kera = span K (i ? ) = (spanQ,(r"))R is defined over Q. After replacing 
a with a positive real multiple to ensure that a(V) C Q, we have a £ V*, as desired. 

Consequently, F CiV* is dense in F for each face F of P^. Furthermore, span^r*) = V*. 

Step 7. Let F C Tg be a face of dimension I > 1, and algint(i ? ) be its interior relative 
affR(F) = span R (F). We show: For every r] G algint(F) there exists a Q-basis bi,...,bp G 
FnV* ofsp&n.Q(FnV*) withrj G coneR(6i, . . . ,bi). Moreover, b\ can be chosen as an arbitrary 
non-zero vector in F DV* . 

In fact, if rj = 0, we can simply select a Q-basis from generators a £ V* for extreme rays 
of F, which exist by Step [6] (or extend a given vector b\ by such vectors to a basis). If r) ^ 
(which we assume now), we proceed by induction on I: 

If i = 1, then F = [0, oo)a for some a G T* C V* (see Step EJ. We can now take &i := a 
(or any prescribed non-zero vector in F DV*). 

Induction step. There exists an x in the interior P°, such that rj(x) > 0. Since V is dense 
in Vr, we may assume that x G V. After passage to a positive multiple of r], we may also 
assume that r)(x) G Q. Then 7(2;) > for all 7 G r^\{0}. Hence K := {7 G T R : 7(2;) = r](x)} 
is a closed convex set such that = [0, oo)i^ and rj £ K. Choose ax, ■ ■ ■ , a n £ such that 
[0, oo)aj, j = 1, ... ,7i, are the extreme rays of T^; after passage to positive multiples, we 



That means, P does not contain lines. 
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may assume that aj(x) = t](x) for all j. If r±, . . . ,r n > and 7 := r\a\ + • • • + r n a n satisfies 
7(x) = r/(x), then Y^=i r j = !• Hence F = convj^ai, . . . , a n ), and thus F is compact. If a 
candidate for 61 is given, after passing to a positive rational multiple we may assume that 
this 61 lies in K. Otherwise we choose any non-zero element b\ G V* n Fn K. If r\ G [0, 00)61, 
we can use Step [6] to extend 61 (using generators of some extreme rays) to a Q-basis with the 
desired properties. Otherwise we find t > 1 such that d := 61 + t(rj — bi) lies in the boundary of 
F relative span R (F) (using that K is compact). Then d G algint(F') for some face F' of F of 
dimension < m < £. By induction we find el (Q-bcisis 62 5 • • • 3 frm+i 

of span^F'nU*) in F'nF*, 

such that d G coneR(£>2) • • • 5 &m+i)- Note that b\ G" F' (otherwise the convex combination r\ of 
b\ and d would lie in the proper face F' of F, contradicting the assumption that r] 6 algint(F)). 
Hence 61 G" F' — F' = span K (F') (using that F' is a face). Thus bi, &2> • • • > &m+i are Q-linearly 
independent and can be extended to a Q-basis b%, . . . ,bi G F nV* of span^F n V*), using 
StepEJ It remains to observe that 77 = jd+(l — \)b\ G coneig(6i, . . . , 6 m +i) C conea(6i, . . . ,bg). 

Step 8. If C = 0, we choose a Q-basis . . . , ft G T* of such that 

(17) G Q+# + ■ ■ • + Q+ft, 

which is trivial for 9 = 0, and can be achieved by taking ft as a positive rational multiple of 
otherwise. If £ 7^ 0, let F be the minimal face of containing £. Then £ is in the interior 
of F relative span K (F), and F DV* is dense in F. If G F, we let G F n V* be a non-zero 
vector such that 8 is a non-negative rational multiple of ft . By Step we can extend ft to 
a Q-basis /9f , ...,/?; G F n of span Q (F n V*) such that 

(18) Cecone R (ft,..., ft), 

which in turn we extend to a Q-basis ft,..., ft G T* of V*. If 9 £ F, we first find a Q-basis 
/S*, . . . , ft E F DV* of span Q (F n V*) such that CEHD holds (using Step CO), and then extend 
it to a Q-basis ft, . . . , ft £ T* of V* such that ft +1 is a positive rational multiple of 8. This 
is possible since 9 G" F — F = span K (F) (as # G \ F and F is a face). In either case, 

C G R^ft H h ft> and <H3) holds - Let Pi, . . . , Pk e V be the basis dual to ft, . . . , ft, 

and write B := {ft, . . . , ft}. Then {ft,..., ft} C T* entails that 

Q^i + • • • + QtPk = {ft, ■ ■ -,ftV = r** d r. 

After replacing each ft by a positive rational multiple, we may assume that [B] D T. 
Step 9. Using Kronecker's 5, we define 

0: [B]^[0,oo), <K£):=e-^-<V(0- 

Then is a homomorphism, since 9(B) C [0, 00) by (fTT|) and <5o,- : ([0, 00),+) — > ([0, 00), •) 
is a homomorphism of monoids. If £ G T', then 0(£) = e~ p ^ = ip(£) by (|15p and (I16p . 
If £ G To, then 0(g) > by (JTSJ and thus 0(£) = = Finally, is bounded, since 

{C} C R+ft + ■■■+ R+ft and thus [B] C {ft, . . . , /?*}* C {C}^. 



This completes the proof of the Density Lemma. 



□ 
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7. A HAHN-BANACH SEPARATION THEOREM FOR RATIONAL POLYTOPES 

The possibility of separation theorems for polytopes in vector spaces over ordered fields is 
already mentioned in p. 287] (without proof). The proof of the Extension Lemma, Step 
4 of Section [61 required the following 

Separation Lemma. Let V be a finite- dimensional Q-vector space and E = {x\, . . . , x m } C V 
be a non-empty finite subset such that ^ C := coiivq(E). Then there exists a Q-linear func- 
tional p: V — > Q such that p(E) C (0, oo). 

Proof. Let W C V be the affine subspace generated by E. If ^ W, then there exists p G V* 
such that p\w = 1 and hence p\e = 1. Now assume that G W. After replacing V with W, we 
may assume that V = &Sq(E). We may also assume V = Q™ for some re. Then aS^(E) = M n 
in M n , whence Cr := convR(I?) has non-empty interior in Vr := K n - 
We claim that ^ Cr. 

If this is true, then there is y G W 1 such that (y, Cr) C (0, oo) by the Hahn-Banach 
Separation Theorem. Then (y, Xj) > for j = 1, . . . , m. By continuity, we find w G Q_ n close 
to y such that (it;, Xj) > for j = 1, . . . , m. Then p := (w, •) G (Q n )* is as desired. 

We now prove the claim by induction on dimQ(V'). If diniQ(V) = 1, then E is a finite 
subset of Q and C = [x+jX*] n Q, where x± and x* is the minimum and maximum of E, 
respectively. Since ^ C, we deduce that {x+,x*} C (0, oo) or {x+,x*} C (— oo,0), entailing 
that also ^ Cr = [ac*, x*]. Induction step: If G 3Cr is in the boundary, then is contained 
in a face $ / Cr of the polytope Cr (see [2J Theorem 5.6]). We have = convR(£") with 
E' := $ D -E, by Theorems 7.2 and 7.3]. Then affR(£") is a proper vector subspace of Vr 
(see Corollary 5.5]), and hence aEq(E') is a proper vector subspace of V. By induction, 
^ convR(£/) = <£. We have reached a contradiction. 

It remains to discuss the case where is in the interior of Cr. For some e > we then have 
w G Cr for all w = (wi, . . . , w n ) G {— e, e} n . Since C is dense in Cr, for each w (as before) we 
find an element u G C such that \\w — u\\oa < | . For each j G {1, . . . , n}, the jth component 
Uj of u is then non-zero and has the same sign as Wj. Let U be the set of all u as before, for 
w ranging through {— e, e} n . Now the next lemma shows that G convq)(C/) C C, which is a 
contradiction. □ 

Here, we used 

Lemma 3. Let U C Q n 6e suc/i i/iat /or signs o~i,...,a n G {—1,1}, i/iere exists u = 
(u\, . . . , u n ) G f7 mt/i sgnttj = Oj for each j G {1, . . . , n}. T/ien G convq)(f7). 

Proof. By induction on n. The case n = 1 is trivial. Given U C Q n and signs o"i, . . . , u n —x, we 
find u E U with signs eri, . . . , cr n _i, 1 and v £ U with signs o"i, . . . , <7„_i, —1. By the case re = 1, 
there is w = (wi, . . . , w n ) G convQ {w, such that w n = 0. Thus w = (wi, . . . , w n -i, 0), where 
. . . , u> n -i have signs o~i, . . . , cr„_i. Consider the first n — 1 coordinates. Then the induction 
hypothesis yields G coiwq(U). □ 

8. Extensions and applications 

The Levy type extension of Theorem [T](cf. Levy [20] for Fourier series) is obtained by applying 
the Composition Lemma. 
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Theorem 3. Let A C [0, oo) be an additive semigroup with £ A, let f be a holomorphic 
function defined on a region GCC, and let w G W. Suppose that a G A w satisfies 5(H) C G. 
Then there exists a function c G A w such that f o a = c. 

Proof. For a G A w we have 

{h{a) : h G A(A W )} C {/i s (a) :s£i) = ap) £ G, 

and the assertion follows from Theorem [1] and the Composition Lemma. □ 

In particular, Theorems [1] and [3] apply to A = No- We write z = e~~ s (a transformation 
which maps EI onto U \ {0}) and associate with a G >A w (No) the power series 

oo 

a(z) = a(e~ s ) = V] a(n) z n . 

n=0 

Since a is continuous on the compact set U, we have o(U) = S(U) . 

Then the weighted version of Wiener's inversion theorem for power series reads as follows. 

Corollary 1. For w G W(No) the multiplicative group of the Banach algebra A w {Hq) is 

A;(No) = {a G A ro (N ) :0£5(U)}. 

The lemmas needed for the proof of Theorems [T] and [3] easily extend to additive semigroups 
A of product type^^ by which we understand semigroups A = Ai x • • • x A r with additive 
semigroups A s C [0, oo) and G A g for g = 1, ... ,r. Then the multidimensional versions of 
Theorems Q]and El cover arithmetic functions of r variables. We put X-s = Aisi + - • ■ + X r s r for 
A = (Ai, . . . , A r ) G A and s = (s%, . . . , s r ) G C r . The r-dimensional Dirichlet series associated 
with a: A — > C is 

(19) a(s) = a{\)e~ x - s (s G C r ). 

AeA 

Repeating the reasoning leading to Theorem [H we see that the assertion of Theorem [1] 
remains true for additive semigroups A C [0, oo) r of product type. Indeed, we can dispense 
with A to be of product type. 

Theorem 4. Let L C [0,oo) r be an additive semigroup with G L and w G W(L). If 
a G A W (L) satisfies ^ a(ET r ), then a is invertible in A W (L). 

Proof. According to the Representation Lemma A* W {L) = A*(L) C\A W {L) holds for any addi- 
tive semigroup L with G L and any admissible weight function w. Therefore it suffices to 
show that a £ A^ (L) . 

Denote by A Q the set of gth components of L. Then A e C [0, oo) is an additive semigroup 
with G A g , L is a subsemigroup of A = Ai x • • • x A r , and A\(L) C yii(A). By the previous 
remark we have a G A\(A) and, in particular, a(0) ^ 0. 

To obtain a G A*(L), we have to show that a _1 (A) = for all A G A \ L. As a tool, let us 
consider the weight functions w p on L (and A) for p > defined via w p (\) := e~ p ^^ ^ Ar ^ 

In fact, every bounded character ip of A is of the form tp{Xi, ■ ■ ■ , A r ) = YYg^i^ei^e) with bounded 
characters ip e of A e , which can be approximated by e~ XeSe on a finite set T e C A B . Thus ip(X) can be 
approximated by e _A s on Ti x ■ ■ ■ x T r . 
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(which are not admissible if p > 0, but define the weighted algebra A w ). Choose p > so 
large that 

(20) -i- £ |a(A)| e -^+-+ A ") < 1. 

1 ^ AGL\{0} 

Then a G A* p (,L), since a = a(0) (e + (a - a(0)e)) , where ||^y(a - a(0)e)|| w < 1 by (f20|) . 

By Theorem[2]a) the inverse 6 of a in yi^^(L) exists. Then both a -1 G .Ai(A) and b are inverses 
of a in the algebra A Wp (A) (which contains both Ai(A) and A Wp (L) as unital subalgebras), 
and hence coincide. Thus a -1 = b G A±(A) nA Wp (L) = A\{L). □ 

Similarly we obtain a multi-dimensional weighted Wiener-Levy type theorem by using the 
Composition Lemma and the Density Lemma in the version cr(a) C a(M r ) for a G A W (L) for 
additive semigroups L C [0, oo) r with G L. 

Theorem 5. Let L C [0, oo) r 6e an additive semigroup with £ L, f a holomorphic function 
defined on a region G C C ; and w G W(L). If a £ A W (L) satisfies a(M r ) C G ; i/ien i/iere 
exists a function c G ^^(L) suc/i i/iai / o a = c. 

Let A C [0, oo) be a free additive semigroup with G A and finite or countable generating 
set B. Arithmetical applications are usually based on the associated free multiplicative semi- 
group N := e A G [1, oo) with 1 G X and the finite or countable generating set 7 := e B of prime 
elements. By definition each n G N has a unique factorization of the form n = py^ ■ ■ ■ p v r r with 
distinct p%, . . . , p r G IP and positive integer exponents u%, . . . ,i/ r , apart of the order of prime 
element powers. As usual, the empty product has the value 1, and elements m,n G N not 
having any common prime divisors are called coprime. The prototype of such multiplicative 
semigroups is N generated by the set P of primes. 

The functions a : N — > C now correspond to the Dirichlet series 

—/ x a(n) , 

and the functions a;: N — >• [l,oo) with w(n) > w(l) = 1 that are submultiplicative, i.e. 
ui{mn) < Lo(n) u(m) for all m,n G N, and satisfy lim^oo ytj(n^) = 1 for all n G IN" form 
the class Wi := WipM") of admissible weight functions. By Theorem [1] each u G Wj yields a 
Banach algebra A w := yi^N) of functions a: ZN* — ¥ C, endowed with the linear operations and 
convolution 



(21) (a*b)(n):= ^ a(£) b(m) (n G N) 



lm=n 



and with bounded w-norm HaH^ := X^neN l a ( n )l w ( n )- The unity in is e := Si, and .A^ has 
the multiplicative group 



KW) = {a€A u :0$ a(H)}. 

We consider the class M of multiplicative functions a: N — )• C, i.e. a(mn) = a(m) a{n) for 
all coprime m, n G N and a(l) = 1. Since M is closed under convolution and inversion, M 
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is a group. For each uj G Wi, the Dirichlet series a(s) of a G M w := M D-A^pSf) converges 
absolutely for s G EI and has the Euler product representation 



Since each factor a p (s) represents an absolutely convergent power series in z = p~ s G U 
and thus a continuous function on the compact disc U, its weighted inversion according to 
Corollary [1] with w(k) = uj{p k ) for k G No only requires ^ a p (M), instead of ^ a p (M). 

Corollary 2. For uj 6 Wi the class M w is a unital subsemigroup o/M under the convolution 
()2ip with the multiplicative group 



For infinite generating set 7, there are many arithmetically interesting multiplicative func- 
tions a that do not belong to M w , particularly those for which the series X^pey a (p) u (p) does 
not converge absolutely. Therefore we extend M w by partly replacing the w-norm with the 
mean square w-norm (for Ji = N cf. Lucht |21] and, with ui = 1, Heppner and Schwarz |13j): 

Proposition 3. Let N C [l,oo) be a free multiplicative semigroup with 1 G N and countable 
generating set 7. Then, for uj G Wi, the class 



k>2 

is a unital subsemigroup of M w under the convolution (|2ip with the multiplicative group 

9* = { a G 9„ :a p (s) ^ for all s G M andpG 5 }. 

Note that 9u = M,j for finite 7, whereas £ 9^ for infinite J 5 . Further, for a 6 9 U , the 
series ^ p gt a (^) even might diverge. 

Proof of Proposition [3J The submultiplicativity of the w-norm combined with the Cauchy- 
Schwarz inequality entails that 9w is closed under * , and trivially e G 9oj- For a, 6 G S£ and 
p£!Pwe have a p ,b p G S£ and (a* b) p ~(s) = a p (s) b p (s) / for s G HI. Hence 9£ is also closed 
under * . It remains to verify that a£ S* implies a" 1 G 9w 

From Corollary [1] applied to a p (s) with = ui(p k ) and z = for p G J 3 fixed and 

fc G No we infer that a" 1 G 9^ for each p G 3\ To transfer this invertibility property from all 
factors a p to a we consider the Euler product representation of a(s) written as 




(22) 



M* = {a G M w : a p (s) / for all s G EI and p G J 3 }. 




a 




It corresponds to the decomposition 



(23) 
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with po G ? suitably large, and b, h G M defined by 



b(p k 



h(p k 



a k (p) for p > po, k G No, 
otherwise, 

a(p k ) — a(p k ~ r ) a(p) for p > po, k G N, 
otherwise. 



Obviously h(p) = for p £ T and = o(p) for all p > po- We choose po £ ? sufficiently 
large such that both estimates 

\a(p)\ u{p) < ^ for p > po and E \Hp k )\ u{p k ) < - 

P>PO 
k>2 

hold. Then b G S* and = fib £ S w , as 6 is completely multiplicative and |/i(n)| < 1 for 
n G N. Further, the submultiplicativity of cu together with the Cauchy-Schwarz inequality 
yields h G Sw 

In order to verify h G S£ we conclude from /i -1 * h = e that fr -1 (p) = = for all 
p£ !P, /i(p fe ) = for all p < po and G N, and 

/*~V) = " E ^V)% fc - J ) (p>Po,&>2). 

0<j<fc-2 

From this combined with the submultiplicativity of oj we obtain 



£: = E |^V)|w(P*) 

fc>2 

^ E E I^V')k(pO^~^Kp fe ~ J ') 

p fe <a: 0<j<fc-2 
fe>2 

= Ei% fe )i^(/)+ E i^V)wVi%V(/) 

p k <x pi + <x 

k>2 j,£>2 

< (i + s) E K^)|^)<^(i + s). 



£>2 

Hence S < 1 and G Sw Now (|23p entails that a 6 S u is a convolution of finitely many 
elements of S£ and thus a" 1 G Sw D 

An important arithmetical application of weight functions is based on Proposition [3] and 
the notion of related arithmetical functions of A := For u G Wi, we say that a G A is cj- 

related tob E A*,'dh := a*6 _1 G Aj. Via Proposition[3]the w-relationship of functions a G Sum 
6 G 3^ from their values at prime elements can easily be verified. This leads, for instance, 
to a new concept demanded for by Knopfmacher [171 Ch. 7, § 5] of Ramanujan expansions of 
arithmetic functions (cf. Lucht |23|). 
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